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The specific heat of an anharmonic phonon system
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Abstract. The effect of on-site anharmonicity in a one-dimensional phonon system is studied
by calculating the specific heat at low temperatures. The formula for the specific heat is
derived by applying the path integral method to the expression for the partition function.

1. Introduction

It is well known that for many phenomena in solid state physics the harmonic approxi-
mation can be considered as completely satisfactory. In molecular crystals, however,
such an approximation may not be adequate. For example, each molecule can have
large anharmonicity. It is necessary then to treat the problem beyond the harmonic
approximation. One possible way has been described in our earlier work [1]. It was
shown there that, starting from the classical Hamiltonian which includes cubic and
quartic terms, it is possible to derive a model Hamiltonian, which is essentially a Bose
version of the Hubbard model with attractive interactions. This model Hamiltonian is

N N
H=2 (ebfb, = Tybibibb)) + A2 (birb; + bysibf) (1.1)
I=1 I=1

where ¢ is the observed energy difference between the lowest two states of the uncoupled
oscillators [1]. T'; and A are constants describing the anharmonicity at site / and the
strength of the nearest-neighbour interaction, respectively, and b, and bj are the
destruction and creation operators at site /. The b, operators obey Bose statistics, i.e.
[b,, bF] = 8;. During the derivation of equation (1.1), two steps were important.

(i) It was assumed that ¢ is much larger than I, A and the strength of the cubic
anharmonicity in the classical Hamiltonian.

(ii) Only the lowest-order phonon-conserved term was kept after the canonical
transformation.

The important parameter characterising the anharmonicity is x = W/T', where W =
4A whichisthe phonon bandwidth. There isabroad spectrum of values for the parameter
x as has already been discussed in {1]. Only two limiting cases of x were explicitly
discussed in [1]: they are x — 0 and x — «. The corresponding limiting expressions for
the free energy were studied. Furthermore, for small x, the localisation of the multi-
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vibrational excitations with random T, has also been investigated [2]. However, the
important case of arbitrary x has not been studied. In this paper, we assume thatI', = T,
a constant for the whole lattice and examine the effect of arbitrary I" on the one-phonon
spectrum. Because of the presence of the on-site energy ¢, the optical phonon system is
considered. The contribution of I' will be present mainly through the renormalisation of
the site energy. Also I acts as the scattering centre for the phonon system. In § 2, formal
mathematical description to find an expression of the partition function in terms of the
Green function will be outlined. An approximate way of finding the Green function will
be presented and the expression of the free energy will be given in § 3. Finally in § 4 the
results on the specific heat will be discussed.

2. Formal derivation of the partition function

Using commutation relations for the b, operators, we can rewrite the Hamiltonian (1.1)
as

H=H,-V (2.1)
where
N N
H, =§E1”1+A2(bf+1bl+bl+1bf) (2.2)
and
N
V= E Flnznl (23)
=1

where E;= ¢+ T, and n, = bf b,. E, is the renormalised site energy. Equation (2.3)
expresses the scattering potential for the phonon system defined by equation (2.2). It
depends on the population #, at site /. As we shall see later, the population contributes
to the thermodynamical quantities through its thermal average. Furthermore, the low-
temperature case will be of interest. The thermal average of #; is a small quantity and
[{nn;) will not exceed the fundamental site energy.

Using the well known formulae [3], the expression for the partition function can be
written as )

Z= Tr[exp(—/a’Ho) Texp(fﬂ dr é I‘,n%(r)ﬂ (2.4)
0 -

where T is the ordering operator with respect to 7.
The next step will be to divide the interval [0, 8] into P factors, i.e. § = P Ar. Within
each subinterval At, we can apply the Gaussian identity

2 T dz 1,2
exp(a®) = mexp(—-;z + az)

where in our case a> = At I';n7 (). After changing variables
z/(1)/Vam = VAT/B §\(T)

one can express the exponential term in equation (2.4) as follows:
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N P
IT II exp(=Az T;ny(v)n(7))

I=17=1
- fl [ e exp| - ﬁl fo "ar (% EH(r) - 2\/%r1”1(7)51(7)>]

and the measure D&)(7) is defined as

Dg(r) = tim (T1 \/%ds,u)).

The above trick allows us to write the partition function as
o (P
z=2,T1 [pamew(-5 [ Samar) 2 e
0

and

Z(5) = <Texp(2§ \/% f "ar & @n(0)), (2.6)

where the average (- - -)ois defined as
(Yo =(1/Z,) Tr[exp(~BH,) - - ] 2.7)

and Z,is the partition function corresponding to H,. To evaluate the above average, we
define

¢, =2Vnal,/p (2.8)

and follow the method in [4, 5] by introducing the coupling constant A via ¢,— Ac;.
Differentiating with respect to A gives

—nlZ; @)} = - Se, f d7 & (D) (), 2.9)
The new average is defined as
o= (T (4 Ze [ drnmsm))
X KTexp(—l ; ¢ foﬁ dr n,(r)&,(r)>>01|~1. (2.10) ‘

Equation (2.9) expresses the partition function explicitly in terms of the scattering
contribution of the anharmonicity ¢; and the average population {(n,(t)), in which the
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additional contribution of I' will appear in E through the thermal average. The latter
can be evaluated by introducing the following Green function:

Gy(r, ') = —«(T b(1)b] (v'), (2.11)

which is related to average population as (n, (1)), = —Gy(z, *). The Green function
G(t, t') satisfies the Dyson equation

Gy(r,7) = GE}(I -1+ A é o foﬁ dt" GY(z - )&, (1")Gy(", T'). (2.12)
Its Fourier transform with respect to ‘time’ 7 is given as

Gy(r,7) = E Gy(n,n')exp(—iw,7 +iw, 1) (2.13)
and where w, = (277/8)n. Itshould be noted thatnin equation (2.13) isa dummy variable

used for the Fourier transform.
The Fourier-transtormed Dyson equation is then

Gyln,n') = G, + 2 2 2 Gl (mei&i(n = w)Gyy(n',n') - (2.14)
with the Fourier transform of the field §,(t) being

B
g =)= | dr &0 expliCw, - 0,1 2.15)
0

Now, equation (2.9) can be written in terms of the Fourier transform of the Green
function

Zog(Z,® = = = T Gyl n)E(w =), 2.16)

The above formal expression for the partition function and the Dyson equation
(2.14) are our starting formulae to derive the expressions of free energy and specific
heat. In § 3, we shall solve G, by using the static approximation.

3. Static approximation

This approximation consists of taking the &) to be time independent, i.e.
&/(t) = &, = constant. 3.1

This is equivalent to the case that each frequency mode is independent of the other
(equation (2.15)).
In this approximation, the Dyson equation is

N
G;i(n) = Gj(n) + A ; GY(n)n,Gy(n) (3.2)

where 0, = Bc,§ and Gy(n) = Gy(n, n).
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On the assumption that only the nearest-neighbour Green functions are non-zero,
the above equation generates the following system of algebraic equations (we have
dropped the n dependence):

Gi(1 = An;G)) = Ani1GLii1Givyy — Anio1GYio1Gioyy = Gi
= Gidni Gl + (1= A0 Glr1,14))Giini = Glas
= GuAn Gy + (1= a2 Gy )Gio1 = G-y (3.3)
The above set of coupled equations can be solved by standard method. Using the
results from Appendix 1 and the notation G} = G, ., = Gp and Gl = G, we
obtain
Gy = [Gp(1 = AnGp) + 2AnG3]/[(1 - AnGp)* - 24*n*Gjl (3.4)

where 7, = n = constant because of the assumption that I, = constant.
In this static approximation the partition function is

iz = -3 S nGun) (35)

ln=-«

Substituting (3.4) into (3.5), integrating over A and finally putting A = 1, one has

Z(&) = %Nn;_m In{[1 — nGp(M]* - 2n*Gi(n)} (3.6)
where
Gp(n) = =(1/B)I/(E — iw,)][1 + 28% /(E = iw,)’] (3.7)
Go(n) = (1/BI/(E — i0)][A/(E - iw,)]. (3.8)
Fromequation (2.5) the change in the free energy per site in the static approximation
is
AF = — lln IM d&exp(—m&?) Z(&) (3.9)
Bl TP |

where Z(&) is given by equation (3.6).
By assuming that A < E in the frequency sum in equation (3.6) and performing the
steepest descent integration for small & with equations (3.7) and (3.8), we finally have

AF = — T{1/[exp(BE) — 1] — A*B? exp(BE)[exp(BE) + 1]/[exp(BE) — 1]°}*.
(3.10)

4. Specific heat

We can use the results in § 3 and Appendix 2 to evaluate analytically the expression for
low-temperature specific heat. Using the standard definition, the specific heat per site
in the case with T" = O is

[48(e + 2A cos x)]?
f smh2 [38(e + 2A cos x)]

(4.1)

Taking the low-temperature limit (A — <), one finds that
=1/(2Vm) (87 /VBD) (e — 21)* exp[—p(e — 24)] (4.2)

Except for the factor 1/V A, CY, in equation (4.2) is just for a two-level system which
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Figure 1. Specific heat in the case with I' = 0 (Boltzmann constant kg = 1; site energy ¢ =
20.0; A = 0.5).

is expected from optical phonon system. The factor 1/VBA is obtained through the
integration of x, where x = ka (Appendix 2). For I" # 0, using equation (3.10), one has
for the leading temperature term

ACy = 6ETA?B* exp(—BE) (4.3)

where I appears also in E.

We have performed numerical integration of equation (4.1) using & = 20 which is
equivalent to 0.1 eV, the optical phonon energy and A = 0.5. The result is shown in
figure 1. As the temperature (7') increases, CY increases monotonically at low tem-
peratures.

By examining the expressions given in equations (4.2) and (4.3), we find that the
term (¢ — 2A)? dominates the total C,(= C} + ACy) for physically reasonable values
of A andT. It becomes extremely difficult to see the effect of I in ACy if Cy is plotted as
a function of 7. So we plot the ratio of ACy/CY as a function of temperature using
equations (4.3) and (4.1) (figure 2). For A = 0.5, we used two values of I" (full curve for
I' = 0.2 and broken curve for T = 5.0). At low temperatures (T < 2.4 K), the effect of
temperature is rather small. Consequently, the two curves nearly coincide. For
T>2.4K, more phonons are excited. The phonon-phonon interaction due to T’
increases. It causes the broken curve with I' = 5.0 to increase more rapidly than the full
curve withT" = 0.2.

Wehave alsoincreased A to the value of 2.0 and constructeda plot foranintermediate
T value of 0.5 (dotted curve). For low temperatures (7 < 2.8 K), it is difficult to excite
phonons with large A. So ACy is smaller than the cases with smaller A. For high
temperatures the dominant contribution to the specific heat is due to the scattering
among the phonons and at a given temperature it is dominated by the largest value of I'.
As shown in figure 2 the dotted curve falls between the two other curves (I' = 0.2 and
I'=5.0).
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Figure 2. Plot of AC,/CY as a function of temperature (kg = 1; site energy & = 20.0)
—,I'=02,A=05-—--T=50,A=05;---.--

Appendix 1. Zero-order Green function

Gii(r) = = (T:b,)(T)b] (0))o.

The zero-order Green function G§(u) corresponds to ¢; = 0 and is defined as
i
The appropriate zero-order Hamiltonian reads

(Al.1)
Hy =2 Ebib;+ A X (bfe1b) +bys1b7) (A12)
] ]
where E = ¢ + T.
The diagonalisation of (A1.2) is performed by the transformation
1 .
b, = \/_Tvg b, exp(ikal).

(A1.3)
The result of diagonalisation is well known:
Hy = E Qubib,
k

(Al.4)
and Q, = E + 2A cos ka.
Using definition (A1l.1) and following [6], one easily finds that
1 . .
Gii(r) = = 5 2 explikall = )] exp(-ufy) [N + 6(7)]

(A1.5)
where N, = [exp(8R,) — 1]7! and () is the step function.



2320 M S Wartak and C Y Fong

In § 3, we needed the inverse Fourier transform of (A1.5) which is defined as
1 18
Gjn) = f dr exp(io, 7) Gy(7) (AL6)
0

and w, = (27t/B)n. Simple integration gives

1
O. - . l s -
Gy(n) [J,Né explika(! — j)] P (A1.7)
The above sum is then replaced by an integral as (a = L/N)
L[ dk Al
> _>_2.EJ_W , (AL.8)
Using the result from [7], one finally finds that
Gj(n) = (=1/BNXL/[(E — iw,)* — 4A°]"?}
x [V(E —iw,)? = 4AT — (E — iw,)]/2A} 7, (A1.9)
Appendix 2. Free energy for I' =0
For I' = 0, we can use the result from [8]:
1
Fy, = EE In[2 sinh (34Q,)] (A2.1)
3
where Q; = ¢ + 2A cos ka. Using again equation (A1.8), the free energy per site is
p =to_11 fﬂ dx In{2 sinh[3B(e + 2A cos x)]} (A2.2)
=—=—— inhf3 . .
VSN B i X nhl3 X
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